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An analysis of the flow across 821 annulas cascade of axial-flaw 
in le t  guide vanes was conducted in order to  evaluate  the  role of sec- 
ondary flows i n  causing  discrepancies between desfgn and obsertTed 
velocity diagrams. A qualitative discussion of the general nature of 
the secondary flows witbin the passages of stationary annular cas- 
cades with radial design m i a t i o n s  of circulation is presented f o r  
both  the  end-wall  boundary-layer  regions and the central  potential- 
flow regions of the blade passage. Deviations from ideal me813 out le t  
sham t o  exist in  the  potential-flow  region of the vanes because of 
conditions Fmposed by the end-wall bouadaries, the displacement of the 
wall boundary-- surfaces, and the i r ro ta t iona l i ty  requirement. As 
a consequence of the existence of nonuniform radial flows across the 
blade spacing i n  the actual flow through cascades, it may nat gener- 
be possible t o  obtain any arb i t ra r i ly  specified design variation of 
turning angle along the radial height of a blade row. 
1 flows (as determined on the  basis of blaile-element  performance) were 
Quantikative evaluations of the variation of the  actual mean flow 
leaving a row of in l e t  guide m e 8  were obtained by the method of 
singularit ies in a c h  a distribution of vorticity  dlrectly  proportional 
to  the  ideal  cfrculation  variation of the design was superimgosed on 
the ideal blade-element flow. Induced turning-angle deflections w e r e  
calculated f r o m  the induced velocities of the  superbposed vortex 
system. Hi+h the use of an emgirically determFned correlation factor, 
good agreement was obtained between calated and mer imenta l  radial 
variations of turning angle f o r  several comentioqal  inlet guide vanes 
for  which accurate b ~ - e l e m e n t  urning-angle  design data m e  avail- 
able. 
IKTRODUCTION 
The existence of secondruy flows within  the passages of blade 
rows is recognized a s  having an important effect  on the performance of 
- 
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axial-flaw comgressors and turbines (references 1 and 2) .  cphe term 
"secondary flow" i s  generally used to represent deviations of the 
actual flow from distributions determined on the basis of the perf om- 
ance of individual blade elements. Secondary flows i n  a cascade of 
blades arise  primarily from the effects of blade twist and end-wall 
boundary layer 8 .  
The effects of secondary flows on the performance of a series of 
blade rows may be classif ied into two general types: The first effect  
appears 88 a direct  or inherent loss due t o  the absorption of energy 
from the through flow i n  order to produce the secondary mtions and 
due t o  the partial  dissipation of this energy by viscous action. The 
second effeet  is an indirect or  matching loss due to the deviations 
from design values of the directi0.n and magnitude of the velocities 
leaving one blade row and entering the next. The magnitude of the 
inherent loss depends on the strength of the secondary flows, a8 repre- 
sented by the vort ic i ty  of the motions, and upon the degree t o  which 
the associated energy is recovered as useful energy. Total-pressure 
losses arising from secondary flaws i n  a two-dimensional cascade are 
shown i n  reference 3; and i n  references 4 and 5 a considerable portion 
of the losses i n  axial-flow colqpressors at design conditions is attri- 
buted t o  induced drag. 
The problem of secondary flows i n  rectangular curved passages and 
cascades,of a i r f o i l s  has been investigated on the basis of both a i r f o i l  
theory (references 3, 6 ,  and 7) and channel theory (references 8 and 9) . 
In  the airfoil-theory approach, induced drag and angle deflections are 
calculated from considerations of the  trailing  vorticity  associated with 
spanwise variations of circulation (blade loading). References 3 and 6 
present analyses of induced effects a t  the blade midspan on the  basis 
of the  assmption that the blade lift falls off i n   t he  wall bodmy- 
layer re,gions and gives rise t o  a t ra i l ing  vortex system of the con- 
ventional horseshoe form. In reference 7, a continuous solution and 
a  continuous vortex  sheet  emressed i n  of a Fourier  series  are 
treated. All developments are based on rectangular csscade flow, and 
no experimental verification of the accuracy of calculated induced 
deflections along the length of the span of a blade is presented. 
The airfoil-theory approach, which is based on the concept of 
the  similarity of the trailing vortex systems of isolated and cascade 
a i r fo i l s ,  can be recognized to  contain several disadvantages. The 
general nature and strength of the  trail ing  vorticity in the blade 
end regions (wall boundary-layer regions) of cascade airfoi ls  are  
not definftely known, and there exists s o m e  question concerning the 
validity of the usual relations among blade iift, circulation, and 
t ra i l ing  vor t ic i ty  in the end regions of cascade a i r f o i l s .  The a i r f o i l  
approach, i n  addition, is incapable of presenting a detailed picture 
of the physical nature of the flow at points KLthin the passage between 
blades. 
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ii Solutions f o r  the flow within blade -sages of cascades have been 
obtained by means of the cha,nnel-theory approach. from considerations 
of the flow i n  curved channels v i th   l a rge   in le t  boundary layers, it i s  
shown i n  references 8 and 9 that secondary circulations will occur i n  
boundary-layer vort ic i ty  as the air is  turned by the passage. According 
t o  the resul ts  of these references, this t;ype of secondary flow is 
restr ic ted to the  regions along the blade i n  which the  entering  velocity 
is mnuniform i n  prof i le  along the span. For cascades with re lat ively 
t h i n  wall boundary layers,   hmver,  no information concerning the flaw 
i n  the  central  region of the casta where the i n l e t  t o t a l  pressure is 
uniform is obtained from this approach. 
Q) the  outlet  flow because of a type of gyroscopic effect  on the inlet a cu 
Cascade configurations  containing  thin wall boundary layers axe 
frequently found in axial-flaw-compresmr research and design; the 
principal examples are the twodimensional blade-testing tunnels, the 
in le t  guide vanes of multistage units, and the f irst  rotor row of com- 
pressors w5thou-L in le t  guide vanes. An investigation of secondary flows 
i n  inlet guide vanes reported  herein waa made at  the NACA Lewis labora- 
tory t o  evaluate, by means of theoretical  analysis and exgerimental 
correlation, the  role  played by secondary flm i n  causing discrepancies 
between design and observed velocity diagrams, and to  present an approxi- 
mate method of predicting  the variation of the actual mean flow along 
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1 the span of conventional axial-flow in le t  guide vanes. 
A qualitative  discusslon of the general nature of the secondary 
flows wlthin the passages of s t a t ionmy annular cascades i s  presented, 
for both  the e n d - w u  boundmy-layer regions and the central  potential- 
flow regions of the blade passage. From considerations of the con- 
ditions Fnrposed by the &-wal or  casing boundaries, the spalrwise 
displacement of the w a l l  bo- layers, and the   i r rotat ionaUty 
reqrdrement, it is sham that secondary flm must exist in   t he  
potential-flow regions of the blades. These deviations from the ideal 
mean through flm (calculated on the basis of blade-element performance) 
are due primarily to the effects of variations of spanwise velocity 
across the spacing between blades. 
Quantitative evaluations of the variation of the actual mean flow 
along the span of cascade blades w e r e  obtained by the-method of singu- 
larities, i n  which a distribution of Vorticity  related to the blade 
design was superb~osed on the ideal blade-element f l o w  of the cascade 
to  correct for the  effects of f i n i t e  casing boundaries and wall 
boundary layers. Induced turning-angle deflections were calculated 
from the induced effects of the s u ~ i q o s e d  vortex system. Calcula- 
t ions were made for  six &al-flaw guide vanes i n  War cascade. From 
a comparison of the  theoretical and experimental air turning angles, a 
correlation  factor m s  obtained f o r  the theoretical  induced  turning 
w e  that resulted in good agreement between the theoretical. and experi- 
mental turning angles along the span of the blade fo r  a l l .  c88es. 
- .  
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The flow a t   t h e   i n l e t   t o   d a l - f l o w  inlet guide vanes is usually 
characterized by relat ively  thin boundary layers a t  the end w a l l s  an8 
a region of substantially constant total pressure over the greater 
portion of the blade height. For purposes .of analysis, therefore, the 
cascades considered w i l l  be divided into two regions: a boundary-layer 
region at the end w a l l s  and a potential-flow region over the remainder 
of the blade height. Cascades with passages of constant inner and 
outer radius and w i t h  no blade end clearance me assumd. 
Boundary-Layer Region 
For an appraisal of  the secondary circulations  existing  in  the 
wall boundary regions of cascades of a i r fo i l s ,  recourse is  made to the '.,. 
resul ts  of references 8 and 9. In these gapers, the vorticity parallel . 
to   the  f l o w  at the outlet of cascades, to a f irst  approximation fo r  
para l le l   in le t  f l o w ,  is shown t o  be given by 
" 
where Afj is the aFr turning angle and dV/h is  the  gradient of the .I 
velocity  distribution along the span i n  the  inlet  boundary layer ( in l e t  
vorticity) at the blade ends. (For convenience, all symbol8 used herein 
are defined in appendix A.) The secondary circulation associated with 
this   vort ic i ty   appeas as shown by the streamline4 of the secondary 
flow i n  figure ~ ( a ) ,  where the circ~latory  veloci ty   in  the center 
of the region is zero. Although equation (1) was derived f o r  rectangular 
C ~ S C & S  and included the assmugtione of nea ig ib le  viscous forces (as 
would be the case with large boundary layers) and fixed  total-pressure 
surfaces as the fluid passes through the cascade, th i s  general type o f .  
motion must exist  i n  the cme of annular cascades w F t h  re la t ively  thin 
bounbry layers and where some distortion of the b0udax-y-layer surfaces 
occurs. Because of this circulatory flow, a marked variation in the 
mean turning angle of the  f luid would be expected acros8 the boundary 
layer  with an underturning .near the  free stream an& an overturning near 
the w a l l .  This increase in turning angle a t  the blade ,ends has been 
well established experimentally (references 1 and 3, for example), thus 
confirming the direction of the secondary flows. A typical example of 
an experimental turning-angle variation in  a two-dimensional cascade 
i s  shown in  figure l (b)  . 
In  addition t o  the circulat.0x-y flow i l lustrated i n  figure I(a), 
considerations of the pressure gradients between blade surfaces reveal 
(references 10 and ll) that  a deflection of the through-flow streamlines 
Fn the boundary-layer regions will occur toward the w a l l  ne= the 
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pressure surface of the blade and away from the wall near the suction 
surface. As shown i n  figure l(c) , this distor t ion of the boundary- 
layer interface gives rise t o  8 thickening of the boundary layer on 
the suction surface and a thhning of the boundary layer on the 
pressure surf ace. 
The deflection of the streamlines in   the  boundary-layer regions 
is explained by the following ConrJiderations: The centrifugal force 
arising from the curved motion through the cascade passage creates a 
difference in pressure fram pressure to suction  surface that persis ts  
across the   re la t ively t h h  boundary layers t o  the end w a l l s .  The 
pressure gradient normal. to the direction of the streamline ds is 
very  closely  given  by 
where V and rc are the free-stream velocity and radius of curvature, 
respectively, in planes  parallel to the side walls at the boundary-layer 
interface (fig.  l(d)). As the velocity is decreased within the boundary 
layer, tke reduced kinetic energy of the flow becomes insufficient to 
balance be imposed. pressure gradient, and a deflection of the flow 
toward the suction surface results; that is, rc must be reduced. 
The streamline peflection I s  greatest, of course, adjacent t o  the w a l l s  
where the veloclt ies me smallest. As a result of this deflection, the 
turning angle increases as the w a l l  is approached azla the boundary- 
layer flow is displaced taward the blade suction surface. The sme 
result of an increase i n  turning angle in  the boundary layer at the 
w a l l s  was obtained i n  reference 12sfrom an analysis of turbulent 
boundary layers  in three-dimensiona;l flow. 
The displacement phenomenon in annular cascades is probably some- 
what more complex than i n  rectangular cascades because of the addi- 
t ional   effects  of radial displacement of the main body of fluid due 
t o  radial pressure equilibrium requirements, and of possible  radial 
displacement of the boundary layers on the blade surfaces t o w a r d  the 
hub due t o  the radial centrifugal force field. Experimental evidence 
of the wall boundary-layer displacement toward the blade suction 
surfaces is given in references 3 and l3; typical examples are s h m  
i n  figures x(e) and l ( f )  of this report. The pr tnc ipd  genera  e f fec ts  
of the secondary flow in the w a l l  boundary-layer regions are thus 
tendencies toward underturning near the free-stream side and over- 
turning near the end w a l l s ,  and & thickening of the wall boundmy 
layers t o w a r d  the suction surfaces. 
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Over the main portion of the cascade channel, the inlet  vorticity 
is zero (constant t a k a l  pressure and temperature) and therefore no 
complete circulatory motions occur Fn the  outlet  flow i n  this region; 
that is, tbe f lu id  remains irrotational. Mathematically, for flow fn 
an annular passage, the irrotatiollality condition requires that i n  a 
plane normal t o  the axis, 
Although equation (3), s t r i c t l y  speaking, applies locally to  a point i n  
the fluid, the  relation is used to  obtain an estimate of the man flow 
between blades by considering equation (3) t o  represent circumferen- 
tially averaged conditions. Thus on the average, for  any radial varia- 
t ion of w h i r l  rVe, a specif ic  mriat ion in radial velocity nust exis t  
across the spacing f r o m  blade surf ace to  blade surface. 
Free-vortex blading. - For the case of perfect compressible flow 
across a free-vortex cascade (without wall boundary layers), radial 
pressure equilibrium requizes that 8 radial displacement of the flow 
OCCUT toward the tip across the blade row. Thus within the passage 
between blades, radial components of velocity outward toward the t i p  
casing generally exist. A t  the same t h e ,  boundary conditione require 
thak the radial veloci ty  a t  the w a l l s  at hub and t i p  be zero. It i e  
possible, however, for the radial velocity to vazy along the radius 
w i t h  constaat magnitudes across the spacing and thus meet the irro- 
ta t ional i ty  requirement for this type of blading that the tangential 
gradient of V be zero at a l l  points) as shown in figures 2(a) and 
2 ( b ) .  Constad circulation along the radius may therefore be obtained 
from free-vortex blading in   t he  absence of w a l l  boundary layers. Radial 
velocity outwmd tarard  the  t ip  and tangential  velocity from pressure 
surface to suction surface are considered positive. 
In an actual f lu id  where end-wall boundary layers are  present, 
however, the displacement of the boundary layer toward the blade suction 
surface resul ts  in opposite radial displacements of the main body of 
the f lu id  over the presaure and suction surfaces of the blade. AE 
i l lust rated i n  the exaggerated plan view of figure 3(a) for the ca6e 
of equal average boundary-layer thickness a t  inlet and outlet, the 
radfal   mtion is outward toward the w a l l s  at the pressure surface and 
inward away from the w a l l s  at the suction surface (see photographs i n  
reference 1). For cascades'in which the average boundary-layer thick- 
ness at the outlet  i s  greater than that a t   t he  FnLet, the radial 
deflections  introduced by the wall boundary layers w i l l  be more 
pronounced over the suction surface of the blades, as i l lus t ra ted   in  
figure 3 ( b ) .  
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In any particular cascade, the resultant radlal motion.at  points 
within the blade passages is the combination of the radial flows due 
to the w a l l  boundmy-layer displacement, the prevailfng  radial flows 
arising f r o m  the requirements of radial pressure equilibrium, and the 
possible radial motions of the blade surface boundary layers. 
Because of the radial m t i o n  introduced by the wall boundarg 
layers, Vr is not canstant across the spacing 88 shown i n  figure 4(a), 
and as a consequencq the whirl rVe  cannot remain conetant along the 
side of the channel and negative on the right, rVe must decrease from 
the midspan of the 'passage t o  the boundary layers (fig.  4(b)) . The 
blade circulation and air turnFng angle, being functions of the  outlet  
w h i r l ,  w i l l  likewise tend to decrease from the center of the passage 
to the boundary layers compared w i t h  the variations f o r  perfect blade- 
element flaw. The complete variation of mean air turning angle along 
the  radial height of a free-vortex cascade appears 88 shown in   f i g -  
ure 4(c) .  Figures 4(d) and 4(e)  i l lustrate  the radial  velocity and 
whirl components far a decelerating cascade. A similar radial  variation 
of turning angle is to be expected f o r  staggered cascades. A typical 
a conventional  free-vortex  turbine-inlet  nozzle obtaFned from refer- 
ence 20 is illustrated in  figure $(f) . 
N 
% m radius. With the tangential gradient of Vr positive on the left  
* example of an exgerimental radial   variation of air turning angle across 
J 
In  general, the deviations of the actual flow from the ideal blade- 
element flow i n  free-vortex cascades w i t h  wall boundary layers can be 
obtained from the superposition of the ideal through f l o w  and an 
apparent secondary flow of the type shown in figure 4(g) . The second- 
ary  velocities  are  strongest aloq. the boundary-layer interface and 
adjacent to the a s ,  and 8 comglete circulatory streamline path of 
the secondary flows exists only  in the boundary-layer regions. 
Variable-circulation blading without wall boundary 1a;vers. - In 
many cases, inlet guide vanes are designed to produce outlet  rotations 
involving a variation of circulation along the radius (such as constant 
turning, constant tangential velocity, or wheel-type dia@xms). For 
such designs, according t o  equation (31, the radial velocity is no 
longer constant across the epacing and the compatibility of prescribed 
circulaticn  variations and corresponding radial velocities must be 
investigated. .-As an illustration of the secondary flows arising in 
this type of blailing, a qualitathe analysis of the flow am068 a 
cascade designed for radially  constant  outlet  tangential  velocity w i l l  
be made. 
L 
For a cascade w i t h  constant tangential velocity along the radius, 
from equation (3), on the average 
L 
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(4) 
and the radial velocity must vary approximately linearly across the 
spacing. Inasmuch as the whirl increaaes with radius, the absolute 
magnitude of the radial velocity (which is negative) on the pressure 
surface w i l l  be greater than on the suction surface, and the required 
variation of radial velocity w i l l  appear as in figure 5 (  a) . The mean 
radial displacement is toward the hub for  this type of blading. Con- 
sider the case of no wall boundary layers: Along the inner and outer 
w a l l s ,  
v, = 0 
and 
avr/ae = o 
Furthermore, inasmuch as the radial velocity must vary continuously 
throughout the flow passage between blades, some radial distance i s  
required before the radial velocity can a t ta in  its required  tangential 
variation. . There exists, therefore, a region near the w a l l s  i n  which 
the circumferential variation of Vr is less than the value required 
for a l ineer  increase i n  r V e  (f ig.  5 (b) ) .  In  the blade end regions, 
therefofe, the required circulation gradient cannot be maintained and 
the gradients w i l l  approach zero values a t  the walls, as i l lust rated i n  
figure 5(c). In any particulaz cascade, the magnitude of the deviation 
of the  actual  circulation w i l l  depend upon many factors, such as the 
geometry of the cascade (blade shape, solidity, aspect ratio, and so 
forth) and the blade loading. A three-dimensional analysis of the flow 
through cascade passages may be required  for a complete point-to-point 
solution across the gassage. 
The radial variation of air turning angle across the cascade is  
generally similar in form t o  the circulation variation, and, therefore, 
an underturning i n  the t i p  region and an overturning i n  the hub region 
of the blades would be expected (fig. 5(c)) . This type of  turning- 
angle deviation applies generally to all f m s  of radially increasing 
design circulation gradients, where the exact form and lllagnitude of the 
deviations depend upon the cascade and the form and magnitude of the 
design circulation gradient. SimilaSLy,  if a radially decreasing 
variation of circulation were prescribed, an overturning i n  the t i p  
region and an underturning in  the hub region would result ,  as shown i n  - 
figure 5(d). Thus, as a consequence of the effects of the boundary 
conditions m o s e d  by the end walls, it is not generally possible t o  
achieve any arbitrary design variation of turning angle along the span 
of cascade blades, even-in the absence of  wall boundary layers. In all 
cases, the trend of the actual turning-angle variation is i n  the 
.. - 
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Y direction of a  decrease in  the magnitudes of the  turning-angle  gradients 
i n  the end. regions of the blades. 
Variable  circulation  blading  with wall boundary layers. - When 
boundary layers are present along the end walls of cascades w i t h  variable 
circulation  blading,  radial motions in addition t o  those arising from 
the requirements of radial  pressure  equilfbrium  are superimgosed on 
the main body of the flow. These additional radial motions arise froan’ 
the  distortion of the boundary-layer interface as the fluid passes 
through the cascade. As previously indicated, these radial displace- 
ments are  relatively outward toward the w a l l s  near the  pressure  surface 
and inward away fram the w a l l s  near the suction surface. The additional 
radid flows introduced by the w a l l  boundary-layer disp1acaen-t me 
shown in  figure 6( a) for the   i l lustrat ive cascade wfth radially  fncreas- 
ing design circulation. R e a r  t h e   t i p  region of the blade, the raaial 
velocities imgosed by the boundmy-layer distortion wil tend t o  
decrease the gradient of  the radial velocity across the passage 
(f ig .  6(b) ) . According t o  equation (3), therefore, a e l e r  radial 
gradient of w h i r l  can be maintained in this region, and a further reduc- 
t ion  in  circulation and turning angle #ill result .  In sane cases, if 
tion  gradient is a, the sign of mag be reversed and the 
circulation may actually decrease as the boundary layer is  approached 
c t h e   b o u n ~ - l a y e r  displacement is pronounced and the radial circula- 
i (as, f o r  example, the limiting  case of *ee-vortex flow, f ig .  4 ( f )  ). 
In the hub region of the blade, the radial velocities  associated 
with the boun&zy-layer displacement tend t o  increase the value of Wr.e across the spacing (fig.  6(c)) permit a larger radial 
variation of air1 to  be maintained. The turning angles in  the hub 
region w i l l  therefore  decrease compared with the magnitudes without 
wall boundary layere Fn the  direction of the or iginal  design variation. 
The camplete radial   variation of turning angle in a cascade with wall 
boundezy layers and radially  increasing  design  circulation would there- 
fore appear 88 shown in figure 6(d).  For radially decreasing circu- 
lation,  the  reverse  trend would occur i n  the potential-flow  region. 
In an actual cascade, the  real  f l o w  is considerably more complex 
than the sonewha t  simplified concept of the flow given here. For 
example, the existence of flow separation, shocks, blade-end clearance 
with leakage flows, o r  radial displacements of the boundary layers along 
the  blade  surfaces may impose further radial motions on the main flow 
that w i l l  t o  some extent  alter the quali tative  results obtained in   the  
preceding analyses. Although the existence of a tapering of the 
annulus paFsage i n  the axial direction will increase  the magnitude of 
the mean radial motions, the blade-to-blade gradients of Vr and the 
general secondar;y-flow picture wi l l  not be materially  affected by con- 
ventional hub or shroud tapers. For conventional zznstdled subsonic 
inlet guide vanes with m a l l  end clearances, the secondary-flow effects 
as presented  herein should predominate. 
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In  figwe 7 are presented examples of the experiment.al variation 
of air-turning angle along the  radius of typical  inlpt  guide vanes 
designed for both radially  increasing and radially decreasing circu- 
lation. For the vane with radially decreasing circulation, the turning 
angles i n  the t i p  region are very small and therefore the t i p  boundary- 
layer displacement is likewise s m a l l .  The measured turning-angle 
variation  in  this  region thus approaches the trend anticipated for the 
case of a cascade  without w a l l  boundary layer  (f ig . 5( a)') . 
Wailing  Vorticity 
I n  the preceding sections, secondary flows were.shown to exist 
within the passages of annular cascades when variations of radial 
velocity exist across the blade spacing. When the flow leaves the blade 
passages, these unequal radial velocities on the blade pressure and 
suction surfaces form surfaces of discontinuity or  shear surfaces i n  
the walres; this formation corresponds to the formation of a sheet of 
trail ing vortices.  "he strength of the t ra i l ing vortfci ty  at any 
radial position depends on the magnitude of the radial velocity dif- 
ference across the blade wake at the t ra i l ing  edge., The qualitative 
variations of trailing vorticity along the radial height of a cascade 
are estimated t o  appear as shown in   f igure 8 for the various types of 
blading considered. Counter-clockwise rotation is taken as positive 
vorticity.  In all cases, because of the vanishing of the radial 
velocities at the w a l l s ,  the t ra i l ing vort ic i ty  at the w a l l s  is zero. 
The potential induced losses wiU exhibit corresponding variations 
(proportional to absolute magnitude of E), and will generally be 
greakest near the hub region for  blades, with radially increasing  design 
circulations and near the t i p  region f o r  blades with radially decreasing 
design circulations. 
The boundary requirement of zero t ra i l ing  vort ic i ty  and nonzero 
values of l i f t  (as determined by surface pressure distributions) at 
the ends of cascade blades, constitutes a significant difference . 
between the end flows of isolated and cascade a i r fo i l s .  The assumption 
of the complete reduction of lift i n   t h e  boundary-layer regions and the 
subsequent formation of t ra i l ing  vort ic i ty  based on t h i s  l i f t  gradient 
(as In references 3 and 6 )  is therefore not representative of the 
actual flow i n  cascades. For example, according t o  the concepts of 
references 3 and 6, the  t ra i l ing  vort ic i ty   in   the boundmy-layer region 
attain8 i ts  maximwn magnitudes 88 the casing w a l l  is approached, whereas 
the true trail ing vorticity tends to vanish. It is also apparent that 
the usual relations among lift, circulation, and trailing vort ic i ty  are 
no longer valid in tb  end. regions of cascade blades men wall boundary 
layers are present. 
. 
3 
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QUAEITITATIVE ANALYSIS 
Ethod of Sfngularities 
The problem of obtaining  quantitative methods of evaluation of the 
secondary flows i n  cascades appears quite complex because of the three- 
dimensional nature of the phenomenon i n  both  the  potential-flow and 
wall boundary-layer regions. As an approach to the problem, refer- 
ences 3, 6, and 7 make use of the method of singularities in which a 
trail ing  vortex field (mrmally associated with  the flow amut  isolated 
a i r fo i l s )  was employed t o  calculate the induced downwash behind the 
cascade. !Phis method containe an appa3.ent anomaly, however, in that 
the  direction of the induced velocit ies must be reversed in order t o  
obtain the correct change in  circulation and turning angle compared 
w i t h  the two-dimensional or  blade-element values. 
The approach of th i s  report presumes that actual radial variations 
of air turning angle at the outlet  of annular cascades can be satis- 
factor i ly  approx-lmated by applying corrections to the ideal turning- 
angle variation  as determined from consideratioss of the performance of 
individual blade, elements. The method involves the superposition on 
the   ideal  flow of a vortex system parallel t o  the flow i n   t h e  plane of 
the blades t o  correct for the effects of the casing boundaries and the 
wall boundary layers. 
Because of the approximate nature of the method, for  simplicity 
the ent i re   out le t  f low is assumed to leave the blade row daly and 
the cascade blades are  assumed t o  be replaceable by lming lines of 
variable strength, as indicated in figure 9(a). Correctiom t o  the 
ideal mean (aircumferentially averaged) blade-element flow are 
obtained from consideration of the induced velocities  associated w i t h  
the superimposed vort ic i ty  and are  calculated in the plane of the blades. 
It is also presupposed. that empirical  correction factors will be neces- 
saxy t o  correlate calculated and experimental results sat isfactor i ly .  
Flow without w a l l .  boundary layer. - The nethod is  demonstrated by 
considering the U u s t r a t i v e  case of blading designed t o  produce a 
linearly increasing circulation along the radius .  A t  first, ideal 
flow acrosa a f i n i t e  number of blades i n  an annulus of zero inner radius 
and infinite outer radius is considered. For the case of radial ly  
increasing circulation, a constant circumferential difference i n  radial 
velocity is obtained over the blade surface as sham i n  figure 9(b).  
The vort ic i ty  corresponding t o  thfs ideal radial-velocity difference i s  
designated the ideal infinite-flow vorticity of the blade.- When the 
blading i s  confined between finite annular boundaries, however, the 
radial velocities at the bOundarie8 must vanish. A s  previously indi- 
cated, as a consequence of the varrishing of the radial velocit ies at. 
the w a l l s ,  the   t ra i l ing  vort ic i ty  at the boundaries vanishes 
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(fig.  8(b));  and in the absence of xall boundary layers, overturning 
i n  the hub region and an underturning in the kip  regian occur 
( f ig .  5 (c ) ) .  
The satisfaction of the given conditions can be accomglished, t o  
a first approximation, by superimposing a distribution of vor t ic i ty  on 
the  ideal  inftnLte-fJ#w  vorticity of the blade between the casing 
boundaries. A f i r s t  type of superimgosed vortex d i s t r i b u t i o n   d g h t  
attempt t o  duplicate the true t ra i l ing   vor t ic i ty  of the cascade, as 
shown in figure 9(c) . The superhposed vortic3tg is e q m   i n  magni- 
tude but qpposite in  rotat ian t o  the ideal infinite-flow vor t ic i ty  of 
figure 9(b) at the walls and rapidly decreases in strength away from 
the walls. The net vort ic i ty  w i l l  then appear as in-f igure 8(b) .  As 
shown in   f igure  9 (c) , the induced velocities  associated with the super- 
imposed vortex distribution Kill tend t o  produce an overturning in the 
hub region and an underturnfng in the t i p  region. 
A sqer-imposed vcrrtex dist r ibut ion of the type shown i n  figure 9 (c) 
w i l l  be very difficult t o  establish  quantitatively as a general proce- 
dure because of the absence of a usable  relation between the  particular 
blade design and the vortex distribution. An alternate vortex dis t r i -  
bution achieving the e q u i v a l e  induced effects can be obtained, 
however, by relating  the sugerimposed vort ic i ty   direct ly  t o  the ideal 
(blade-element)  circulation  distribution along the entire radius; t ha t  
is, by employing a vortex distribution  equal Fn strength but opposite 
i n  rotat ional   di rect ion t o  the ideal  infFnite-flow  vorticity at a l l  
points along the radius. The vortex system and i ts  induced velocit ies 
are shown in  .f igure 9 (.a) for the i l l u s t r a t ive  case of linearly  increaaing 
circulation. Thus, i n  a similar manum, the  superimposed vortex system 
can be readily determined fo r  any type of design  velocity diagram and 
corresponding meed velocit ies can be calculated. 
9 
Flow with wall bOw layere. - It w a s  previously shown tha t  
when wall baundtiry layers -.e present, a reduction in turning angle 
from midspan t o  the w a l l  boundary layers and an increase in turning 
angle acroas the boundary Layer toward the walls occur with respect t o  
the ideal turnin@;-angle variation. This secondary-flow effect  can be 
approximated f r m  the induced. velocit iea af a circular vortex located 
i n  each boundaxplayer region, as shown in  figure 9(e). The diameter 
of the core of the c f r c i h r  vortex is roughly af the order of magnitude 
of the thickness of the boundary layer. Laaamuch 8 a  the boudary-lsyer 
angle at  the boundary-layer interface, far  aimpliclty the stre'ngth of 
the super3a~osed boun&rg-layer vortex cores is taken t o  be groportional 
t o  the magni:ude a€? the ciraulatian a t  the boundary-layer Interface. 
Thus, the ccmrplete superimposed vortex sptem for the aMulu8 charmel 
ie obtained frm the addition c& the vortioes In figures 9(d) and 9(e), 
where a s  ahown In f igure 9 ( f )  for an arbitrary radial  variation of 
oirculation of slope dr/dr (cmterclockwise mtation taken a8 
S8COndary-f lOW effect  W&B' =Gated to b8 8 fUIlCtiOll Of the  t- 
i . 
- 
positive) 2 
c 
Y 
The corresponding trend of variation of the turning angles as obtained 
f r o m  the induced velocit ies of the superhposed vortex system is 
Lllustrated i n  figure 9(q) f o r  the case of radially increasing circu- 
lat ion. 
In order t o  completely sa t i s fy  the boundary conditions along the  
,inner and ou-ber walls of the nnnrhus, a system of vortex lmages must 
be established outside these walls so that the component of induced 
velocity normal. to the wall along the entire  surfaces i s  reduced to 
zero. For any Ilne vortex at radius r on one side of a circular 
boundmy of radius r,, the induced velocity normal to the surface 
of the boundary UiU be zero if a vortex mfrror image of equal  strength 
and opposite  rotation is imagined to exist on the opposite side of the 
wall at a distance rw2/r (reference 14). For an anrrulm passage, a 
cgcllc fmage system results w i t h  an infinite n e e r  of images extending 
out toward M i n i t y  outside the annulus, and an infinite number of 
images bunching up toward the  center on the inside of the annulus 
(reference 15) . A p a r t i a l  v i e w  of the annulus and image vortex system 
for  a guide-vane cascade 88 seen looking upstream f r o m  a point behind 
the vane is shown i n  figure 10. The boundary-layer circular vortices 
are indicated by the larger  arcs and the main-span vortex sheets are 
f d c a t e d  by the mall& arcs. 
Induced Turning Angle 
Basic equations. - The t o t a l  induced velocity a t  a point along 
the vane l i f t f n g  line depends upon the contributions of the two types 
of trail ing  vortex -t;hat have been established; namely, the boundary- 
layer circular vortices and the main-span vortex sheet. The velocity 
fnduced outside the core at a semi-infinite circular vortex at  
radius r (fig. u.) at a point located a t  radius rp in an maar 
cascade is given by (reference 16) 
r 
4~th 
q = -  
plane of the vane is 
14 NACA RM E51627 
or, for  induced velocit ies directed downwmd i n  figure U. (in the 
direction of turning) as positive values, 
r rp - r -130s E: 
qn=" (7) *x E2 - (Zr)rP cos E + r 7 
" . 2 
where o is the angle between the plane of the vane containing the 
vortex and the plane of the vane containing the-point investigated. 
Equation (7) i s  valid, t o  a f k s t  approximation, t o  compreseible as 
w e l l  as incompressible flow (reference 17) .  For the vortex sheet, 
between the boundary-layer limits 
A t  a given point P along the  span of a cascade vane ( f ig .  ll) , 
the t o t a l  normal induced velocity i s  obtained by ewnning-up the.contr i -  
butions of all the annulus and image l i ne  and sheet vortices ,in the plane 
of a vane f o r  all vanes i n  the cascade. Because of the approximate nature 
of the developnent, correction factors will be necessary for experimental 
correlation, so that, i n  general, 
4, = - 
c 
". 
" 
K 
ITACA RM E51627 
where 
C1, Cz arbitrary correction factors 
-k represents kth vortex image i n  inner w a l l  
+k represents kth vortex image i n  outer wall 
j integer 
N number of vanes i n  cascade 
The vortices of the vanes within the annulus axe designated by k4l 
and the vane containing the point P, called the primary vane, is 
characterized by f=O. 
Inasmuch 88 vanes equally  spaced about the primary vane will 
contribute equally t o  the induced velocity at P, equation (9) can 
be expressed 88 
f o r  an odd nwnber of vanes, and f o r  art even nuniber of vanes, 
The induced turning angle iE then obtained (fig. ll) from 
where Vz is  the ideal cascade outlet  velocity determined from the 
blade-element turning angles. For simplicity, equal correction factors 
for the vortex cores and vortex sheet are -6-d; furthermore, the 
single  correction  factor now called the correlation  factor is applied 
direct ly   to   the turning angle 80 that 
a s i =  c tan - /- -I qn 
vZ 
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where qn is determined from equation (9) far C1= C2 = 1. I 
Approximate solution. - An exact solution of equation (9) or (10) 
for an arbitrary  variation of circulation along the main span would be 
extremely comglex and lengthy. In view of the simplified nature of the 
vortex system and the  consideration that the induced velocity at a 
point i s  affected  principally by the vortex system of the primary vane 
and the vortices close by, an approximate and relatively simple solution 
of  equation (9)  was obtained by considering only the w e  vortices 
inmediately adjacent to the antu3.u~ walls and only a few vanes on both 
sfdes of the primary vane. This procedure is equivalent to  the mathe- 
matical condition that a series of the fora af equation ( 9 )  converges 
rapidly. ~n reference 1-5, a similar type of induced velocity summation 
i s  found to be rapidly convergent. The reduced vortex system used in  
the solution was taken to consist  of:  (1) the two boun&3ry-layer vortex 
cores and the main-span vortex sheet of the FLnmus v a q 8 ,  and (2 the 
first hub and t i p  image vortex cores (located at rh2& and rt /at, 
respectively). The upper value of j i n  equation (10) was a rb i t ra r i ly  
set a t  3, giving the inclusion of the effect of seven F e s .  The error 
involved i n  neglecting the remainder of the vortices, whose contribution 
rapidly diminishes as the distance frm P is increased, w i l l  be 
assumed t o  be absorbed by the empiri.ca1 correlation  factor. From equa- 0 
t ion  (9), therefore, w i t h  the correction factors equal to 1, 
- A  
4 
4 
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4 Inasmuch as the main-span circulation  variation is determined f r o m  
design flow conditions in evamting the integra term of equation (B), 
it w a s  assumed that the variation of circulation along the radial height 
of the vane can be represented by a parabolic relation, such that 43 
0, 
4 
N 
=p +@1 . dr 
Substituting equation (15) i n  equation (a) and integrating *eld, 
With C 0 8  - zKi = f, m 
. 
where again, 
.. J. . 
3 
J 
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Inasmuch as the w-&U boundary-layer thickness generally verries 
from blade inlet t o  outlet, the boundary-layer thickness used i n  the 
calculation was obtained from both in l e t  and outlet  values 8s 
The distance from the w a l l  t o  the a x i s  of the boundaxy-layer vortex 
cores wae set  as 
1 e = - 6  3 0 9 )  
so tha t  the radii at the axis of the vortex cores were 
1 dh' L'h $. 3 % (2-1 
and 
For a given inlet-guide-vUe cascade with the radial variation of 
circulation approximated by a parabolic equation and the hub and t i p  
boundary layers known or  prescribed, all quant i t ies   in  equations (16) 
and (17) are determined. Thus, the normal induced velocity at points 
along the radial  height of the vane can be calculated by means of 
simple numerical computations.. The actual turning angle is then 
obtained f r o m  
aS Ape + Mi (21) 
# 
where Ape is the blade-element turning angle a t  each vane section. 
vane Designs 
The induced velocity analysis was conducted for two types of axial- 
flow-compressor inlet-guide vane: (1) vanes with NllcA 65-series camber 
lines and with conetant chord and hub radius, and (2) vanes with 
circular_arc camber lines and with varying chord length and hub radius 
across the vanes. Calculations w e r e  also made for a turbine-inlet 
nozzle. Examples involving these three vane conf'igurations were chosen 
because of the availabil i ty of design turning-angle data (references 18, 
19, and 20, respectively). Detailed identification data f o r  the various 
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* vane designs investigated  are  presented in table I. Vanes A and B were 
designed  for supersonic-cwressor-application and  vanes C, D, and E, 
for  conventional  subsonic-compressor designs. 
a3 a 
N vanes were obtained for the mst part from unreported investigations. 
Experimental  turning-angle  data foithe compressor-inlet guide 
'Ilhe  compressor  guide  vanes  were  investigated 88 e parate  components 
in induction-type annular cascades of constant  outer  diameter  and  with 
beUmouth inlet.  The  turbine-nozzle  turning-angle  data  were  obtained 
from  blades  mounted  in a sector of an annular cascade as reported in 
reference 20. The axial distance f r o m  the  inlet  face of the  bellmouth 
and the  nose of the  inlet  hub  section  to  the  guide-vane  leading  edge 
varied  from  approximately 14 to 20 inches f o r  all vanes. 
The investigations  were  conducted with ambient  inlet ab; the 
flow  at  the  inlet  vanes  was  substantially un form and axial in all 
cases, and the angle of the air leaving the  blade row w a s  taken as the 
air turning  angle.  Outlet-air  angles were measured  by  claw-type 
instruments  for  designs A through E and  by a pitot-type  Instrument 
for  design F, and  were  circumferen-tially  averaged  at  each radi l  posi- 
tion.  Absolute  accuracy of the  measured  angle is estimated to be 
f 3 / 4 O  and the  relative  accuracy f r o m  point to  point is believed t o  be 
within f l /&O.  
c 
Calculations 
General  procedure. - The  calculation of the  induced and actual 
turning angles for a given  guide-vane  cascade was based upon the 
determination  of  blade-element flow conditions.  Blade-element flow 
conditions  were  obtained f r o m  consideration of the  cascade  vane as a 
series  of  individual  elements, and represented  the  variation f
velocity and circulation along the radial height of the  vane  corre- 
sponding  to  the  blade-element turning angles.. The blade-element 
turning  angles  used in the-analysis  depended. on the  natuxe of the 
available  design  data  relating  the aAr turning angle  with  the g ometric 
characteristics of the  particuLar  type of guide  vane  investigated. 
For a given  blade  profile,  in  most  case6  the  available  design  data  had 
to  be  corrected %o take  into  account  the  differences  between  the .cas- 
cade  configuration and flow conditions of the vane row investigated, 
and the  cascade  configuration  and flow conditions  of  the vanes from 
which  the  original  design  data  were  obtained.  The  element  turning- 
ferences in inlet  Mach number (compressibility) and. radfal displacement 
of the flow due to hub  taper. 
c angle corrections consisted principally of angle adjustments for dif- 
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The principal steps involved in  the determination of the actual 
mean flow across inkt guide vanes were therefore associated with the 
calculation of the following quantities: 
(1) Corrected blade-element turning angle 
(2) Blade-element circulation and outlet  velocity 
(3) Induced velocity and turning angle (from equations (b) , (16), 
(17))  
(4) Actual turning (from equation (21) ) 
Details of the element corrections t o  the design data are given i n  the 
sections for the different types of vane considered. Equations fo r  the 
calculation of outlet  velocity and circulation f o r  a given radial   vmi- 
a t  ion of turning  =le are pre,sented i n  appendix B . 
The annulus boundary-layer thicknesses at hub and t i p  were deter- 
mined frm exger-nt-al total-pressure distributions whenever available. 
I n  cases where experimental.boundary-layer data were unavailable, the 
average thickness at both hub and t i p  vas  taken as 0.06 of the blade 
height for the designs with low hub-tip ratio-(0.5 t o  0.6) and as 0.08 
of the blade height for the designs with high hub-tip ratio (0.7 to 
0.8). These approximate ra t io  values were obtained f r o m  previous 
surveys of  the performance of conventional bellmouth inlet sections. 
From the  calculated  variation of blade-element circulation and the 
average boundmy-layer thicknesses, the magnitudes of the circulations 
at the limits of the boundary layers (rt and- r ,) were determined 
(f ig .  9 ( f ) ) .  The determination of the  constants a and b f o r  the 
best parabolic curve representing the blade-element circulation then 
completed the quantities required for the calculation of the induced 
velocity (equations (16) and (17))  . 
Vanes with NACA 65-series camber l ines.  - Design turning-angle data 
for inlet guide vanes w i t h  NACA 65-series mean l ines were obtained from 
reference 18. llhe design data were obtained for essentially incompres- 
s ible  flow, and-inasmuch as the design in l e t  Mch number of the subject 
vanes was 0.6, a compressibiUty correction t o  the  orfgiaal design data 
was necessary. The compressibility correctionwas made according t o  
the method of reference 21. Inasmuch as the design data of reference 18 
were obtained for conditions of essentially incompressible flow and 
constant axial velocity across the cascade, equation (1.3) of refer- 
ence 2 1  w a s  'used for the c,ompressibility correction. Values of axfal- 
velocity r a t i o  v,, l/~z, along the vane height a t  the given inlet Mach 
number were calculated according t o  the method of appendix B using the 
design turning angles. 
*. ." 
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Vanes with -circular-arc camber lines. - Design turning-angle data 
for the constant-thickness circular-arc guide vanes were obtained from 
reference 19. Inasmuch as the vanes investigated w e r e  s e t  In convergent 
passages, the straight-l ine rule f o r  convergent annuli of reference 19 
waa used for the design data. The blade-element corrections for hub 
taper and variable chord length applied t o  the design rule  are dis- 
cussed in detail in  appendix c. 
Turbine nozzle. - The blade-element turnfng-angle variation fo r  
the  turbine nozzle was taken direct ly  from the design  outlet angles as 
given in  reference 20. 
Examples. - The various turmlng angles calculated when 
determining the m e a n  actual - t m  -le of Inlet  guide Va-8 
(steps 1 t o  4) are illustrated in figure 12, with vanes B and D as 
examples. The induced turning angles were calculated at six radial 
position6 rp along the height of the vanes between the boundary 
layers; at points 0.13 t o  0.15 inch from the limits of the boundary 
layers, and at points measured from the vane mean radius at locations 
approximately 0.45 a d  0.85 of the distance between the mean radius and 
the outermost r locations. Induced turning angles at r stations 
closer than approximately 0.13 inch fram the boundary layers were not 
believed to be r e a l i s t i c  values because of the tendency of the calcu- 
lated induced velocities, as given by equations (16) and. (17), t o  
apgroach infinite magnitudes at the boundary-layer limit. The actual 
turning angles i n  the boundary-layer regions were therefore extrapo- 
la ted t o  indicate the trend of the. variation as determined f r o m  con- 
siderations of the secondazy flows and the directions of the induced 
velocit ies in the boundary-layer regions. Theoretical induced turning . 
angles i n  the boundary-layer regions were calculated f o r  vane F at the 
axes of the  circular  vortices in order to  substantiate the qualitative 
trends. 
P P 
Experimental correlation. - Theoretical values of induced turning 
angle without a correction factor were f irst  calculated f o r  the  various 
guide vanes investigated. F'rm .a cqnparison of calculated and -1- 
mental radial   variations of mean turning angle, it w a s  found that good 
agreement between calculated and observed resul ts  could be obtained 
with the use of a constant correlation factor of 0.42. The calculated 
variations of actual  turning a"e  along the radial height of the vane 
f o r  the six guide-vane designs investigated are Shawn i n  comparison with 
observed values in  f igure  13 f o r  this correction factor. The original 
design data turning angles and induced turning angles are also sham 
i n  figure 13. 
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An example of the radial variations of theoret ical   axial  and tan- 
gential  velocity result ing from the calcul.ated actual turning angles . 
for  vane C i s  sham i n  comparison with design and experimental values . 
in  f igure 14. The a@al and tangential  velocit ies for the design and 
actual  cases were calculated  according  to the method of appendix B for 
the same flow-area contraction and polytropic efficiency. Design and 
theoret ical   to ta l   veloci t ies  were practically the same. 
With the use of the empirically determined correlation constant, 
the induced velocity analysis presented  herein can be used wlth good 
accuracy as a method of calculating the actual  mean flow across similar 
i n l e t  guide vanes when reliable turning-angle design data (two- 
dimensional cascades and so for th)  are available. Ln a l l  examples, 
however, the radial variation of design axial velocity from hub t o   t i p  
was re la t ive ly  s m a l l  (no greater than 17 percent). The method as pre- 
sented therefore may not necessarily produce resu l t s  of equivalent 
accuracy fo r  cases of large design axial-velocity gradLents without 
suitable  modification of the blade-element turning angles. 
Rotor-inlet conditions. - 'Ilhe theoret ical  effect  of guide-vane 
secondary deflections on the inlet flow relative t o  a succeeding row 
at design t i p  speed was fnvestigated for vanes C and E. A i r  i n l e t  
angles and veloci t ies   re la t ive  to ' the  rotor  were calculated on the 
basis of guide-vane design data and actual turning angles are shown i n  
carparison with experimental values in figure 15. Desp'ite the large 
secondary deflections in the guide-vane out le t  flow, the design and 
calculated  relative inlet angles are very k j m i l a r  i n  both trend and 
magnitude. At high values of design relative inlet angle, i f  l i t t l e  
change occurs in  the magnitude of the absolute inlet velocity, changes 
in guide-vane out le t  angle result in-very s m a l l  changes in   ro to r  rela- 
t i ve  inlet angle. AB can be seen from considerations of rotor velocity 
d i a g r a m s . ,  rotor  re la t ive inlet  angles (and consequently rotor-blade 
angle of attack) become mre sensi t ive to  guide-vane induced deflec- 
t ions as the magnitudes of the design re la t ive  inlet angles are 
reduced. For example, fo r  vane E, i f  the rotor inlet angle is reduced 
from 6 9  t o  50° (by reducing the wheel speed), the maximum difference 
between the relative  inlet   angle a s '  calculated from deaign turning data 
and the re la t ive   in le t  a w e  88 obtained flrom calculated actual turning 
angles increases from a value of somewhat less than lo t o  a value of Z0. 
The corresponding m a h u m  different-e f o r  w.. C wa&.increaBed to . . "" 
~ 
10 % a t  an average re la t ive  in le t  angle of 27O. For re la t lve  in le t  
angles near Oo, the magnitudes of the rotor induced inlet-angle deflec- 
t i on  approach those of the guide vane induced outlet-angle deflec-t'ions. 
The principal  effect  of the theoretical  guide vane secondary flom 
on rotor-inlet conditions at design rotor speeds appears, as sham i n  
figure 14, as a change in the magnitudes of the design inlet  velocit ies.  
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For large guide-vane iduced  deflections,  these velocity changes may 
cause s ignif icant   var ia t ions  in   rotor- inlet  Mach n ~ e r  and therefore 
energy transfer and diffusion. In addition, the existence of t r a i l i n g  
vor t ic i ty  shed downstream of the guide vanes when secondary flows occur 
may have a signif'icant effect on the flow distributions through the 
rotor.  Rotor-entrance conditions cannot be considered irrotational. 
Correlation factor. - The induced-deflection correction factor of 
0.42 found necessary to correlate  satisfactorily  the  absolute magni- 
tudes of calculated and observed turning angles of  the various guide 
vanes tested  indicates an appazently large degree of e r ro r  in the 
representation of the t rue  secondary flowe by m e a n s  of a super- 
imposed correction vortex system. Although the simplification of the 
cascade configuration, the partial summations, and the location of the 
boundary-layer line vortices have some influence on the magnitu&e of 
the calculated induced velocit ies (fig.  16, for  example), the excessive 
induced deflections  obtained from the calculation  are due primarily t o  
the unknown proportionali ty  relation between the t rue   vor t ic i ty  i n  the 
boundary-layer regions and the vor t ic i ty  assumed by the method. I n  
the potential-flow region of the vanes, the induced velocit ies asso- 
ciated w i t h  the vortex  sheet a8 calculated approach infinfte magnitudes 
st the ends of the sheet (at the w a l l  boundary l&ers), and consequently 
require some "principal-value" correction. For sfmflar t y p e s  of non- 
exact vortex-theory analysis, therefore, it may be desirable to exercise 
caution ta applying the values of induced velocities  obtained  directly 
from the  theoretical  developnents in the absence of elrperimental corre- 
la t ion.  The need for empirical correction factors for use with the 
theoretical  induced velocity expressions of the   i so la ted   a i r fo i l  
approach is recognized in reference 22. It is quite probable that 
the  required  correlation  factor may vary  for cascades w i t h  widely 
different  geometries (solidity, s p a c m ,  and aspect ratio) or for  
different arrangements of the super-imposed vortex system. Further 
investigation would be necessary to establish the  l imitations of the 
method. 
CONCLUDING , 
Secondary flows or deviations of the  actual flow from dtstri- 
butions determined from considerations of blade-element flow were 
sham to e x i s t   i n  conventional mnular cascades of inlet guide vanes 
with end-wall boundary layers. In the wall boundary-layer regions, 
the secondary flows were characterized by a tendency toward under- 
turning near the free-stream side of the boundary layer, towma over- 
turning near the end w a l l s ,  and by a displacement of the. w a l l  boundary 
layers toward the suction surfaces of the blades. Over the main portion 
of the flow (potential-flow region), the secondary flows were explained 
on the  basis of the existence of radial variations of the difference 
24 NACA RM E5lG27 
4 
i n  .radial velocity from blade t o  blade and the requiremente of irro- 
tationali ty.  Nonuniform radial velocities were shown to arise from the 
boundary conditions imgosed by the end walls and the thickening of the 
w a 3 l  boundary layers over the suction surface. 
When large radial gradients of circulation are prescribed, the 
effects  of the secondmy flows, exclusive of considerations of the w a l l  
boundary layers, are such as t o  cause .a reduction in the magnitude of 
the gradients near the blade ends; that  is, the flow tends to  approach 
the free-vortex condition. The w a l l  boundary layers always tend t o  
reduce the magnitude  of .W cbm~It.atian and turning angle. as the ru 
boundary layers  are approached. For vane designs approaching wheel- (b 
I-r 
type outlet rotations, the induced deflections in the tip region of the 
m 
vanes become especially pronowc-ed. In general, it I s  LmlFkely that any 
arbitrari ly  specified design variation of turning angle can be obtained 
along the entire radial height of an annular cascade. , - 
Reductions i n  the secondary flows i n  inlet guide vanes are always 
desirable in compressor an& turbine  design i n  order t o .  minimfze the 
induced losses in the vane end regions, Secondary flows can be reduced 
to  a large extent though reductions i n  the thickness of the annulus- 
w a l l  boundary layers (fi8. 17)  . Reductions i n  bogdary-layer thickness 
can be accomplished by cazeful design of the annulus inlet  section and 
by boundmy-layer removal. Methods of boundary-layer reinoval, however, 
are costly and rather d i f f icu l t  for  in le t  guide vanes. For designs u i t h  
large radial gradients of design  circulation, wall boundary-layer ." 
removal. will. not be effective - in  eliminating the effects of the  vorticity 
in the central region of the Vanes. For such cases, inf'ormation con- 
cerning the magnitudes of.guide-vane induced,losses is necessary in 
order t o  evaluate properly the net benefit obtained.fram the attempted 
- 
.. 
. establishment of such design gradients.. . .  
It is also probable that the geometry of the cascade configuration 
selected  to produce a given velocity diagram exerts an influence on 
the magnitude of the secandasy losses, for the magnitudes and gradients 
of the radial velocities will be affected by such factors as chard 
length, camber, thickness, and spacing. : F.or exmple, an examination 
of the terms for  spanwise velocity  in  current boundary-layer secondary 
flow theory reveals that ( w i t h i n .  the aesumptions of the theory) for  
fixed flow conditions, the gradient of spanwise velocity across the 
blade spacing decreases with increasing spacing. It i s  therefore con- 
ceivable that fo r  a give$ blade height and design  velocity diagrem, 
there may exis t  an opt- combination of blade camber, solidity, and 
aspect  ratio that res.ults -in.minimum over-all  losses. 
The existence of trailing vort ic i ty  behind the guide-vane row 
when. secondary flows are present means that the .  flow entering  the 
succeeding rotor r o w  cannot truly be cansidered. irrotational.  
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However, it is not knm t o  what extent the usual values of guide- 
vane t ra i l ing   vor t ic i ty  will affect the flow and vorticity  distribu- 
t ions through the rotor and succeeding stages. 
- 
As far  as blade-row mismatching due t o  secondary-flow deflections 
is concerned, in general, the effects of inlet-guide-vane induced flows 
on the  inlet   velocity diagrams relative to a succeedFng rotor row,at 
des ign  conditions do not appear to be as marked as the 'induced effects 
on the guide-vane-outlet flaw itself. For conventional conservative 
compressor and turbine designs, the relat ive induced deflections may 
not be sufficiently  serious to  warrant adjuetments in the design of the 
rotor row. For high-performance stages operating at high levels of 
blade loading and mch mmiber or  for  rotors w i t h  re la t ively low stagger 
angles, however, the secondary flow deflections in the blade end regions 
may approach significant -tudes. In such cases, when the inlet- 
guide-vane design involves either relatively  large magnitudes or  large 
radial gradients of turning or both, it may be desirable t o  affect  
adjustments in   the guide-vane or rotor design in order to account fo r  
the  velocity diagram distortions. 
A relatively simple method of correction, so far as a design pro- - cedure is concerned, is to adjust the guide-vane design to campensate 
for overturning o r  underturning - as the case may be - in the regions 
of the vane where such deviations are anticipated. For guide-vane 
designs similar t o  those investigated, the calculation method presented 
can be rel iably used to obtain an evaluation of the induced deflections 
and required adjustments. Adjustments of this nature, however, further 
increase the magnitudes and gradients of the design circulation, w h i c h  
r e su l t  i n  further increases i n  the secondary flows and losses. The net 
gain involved i n  the adjustment is therefore questionable and cannot be 
evaluated until 821 indication of the induced losses is  obtained. In 
addition,  alteration of the des- circulation in one region of a vane 
w i l l  affect the induced velocities in all regions of the vane. The 
problem therefore is quite complex and would require further iwesti- 
gation  before any re l iable  recommendations COLIM be made. 
Lewis Flight  Propulsion Laboratory, 
Cleveland, Ohio. 
Mational Advisory Committee forbAeronautics, 
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APPENDIX A 
SYMBOLS 
The following symbols are used in this report: 
annulus area 
constants 
correlation or correction  factor 
radial distance to  axis of boundary-layer vortex core 
distance fram annulus w a l l  t o  a x i s  of boundary-layer 
vortex  core 
2s j cos € = cos -m 
total enthalpy 
normal distance between point and vortex axis 
integers 
cantractlcm coefficient 
mch nmber 
number of vanes in cascade 
polytropic eqonent 
point at w h i c h  Fnauced velocity is calculated 
. -  . .  
s t a t i c  presaure 
induced velocity 
radius 
entropy 
direction normal t o  streamline . 
absolute temperature 
- . . . . . . - . . " . - .. ." - 
27 
velocity 
distance along span 
axial   direction 
air &t angle 
circulation 
change in 
air turning angle 
boundary-layer thiclmese 
circumferential direction 
angle between line from axis  of rectilinear  vortex to  point i n  
plane of vane and Une normal to plane of vane 
vor t ic i ty   para l le l  to flow 
density 
camber angle for circular-arc camber-line vane 
Subscripts : 
1 cascade inlet 
2 cascade outlet  (measuring station) 
b streamline across vane 
C curvature 
d design data 
e blade element 
h hub (inner w a l l )  
i induced 
28 
j ,k 
m 
n 
P 
r 
t 
W 
2 
e 
integers 
mean radius 
normal to plane of trailing vor t ic i ty  
point at which induced velocity is  calculated 
radial 
t i p  (outer wall) 
boundary 
axial 
tangential  
Superscript: 
1 vortex images or vane trailing edge 
NACA RM E51G27 
N 
W 
G 
c 
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rl 
N 
The radial   variation of a x i a l  and tangential  velocity  leaving an 
annular r o w  of blades was obtained $”Om the radial component of the 
equation of motion given i n  reference 23 (equation (7d)) for steady 
ax ia l l y  symmetric flow neglecting terms involving vtscosity, or 
For flow across  inlet guide vanes, t o t a l  enthalpy and entropy varia- 
t ions  slow the radial  height can be considered negligible, making 
a H / a r  = 
t ions due to variations of the radial veloczty component can be 
neglected with l i t t l e   e r r o r  (simple radial pressure  equilibrium). 
EQuation (B1) then becomes 
O and IP?G as = 0. In addition, the effect of radial accelera- 
For guide vanes w i t h  axial  air inlet ,  the axial and tangential veloci- 
ties are  related through the turn;tng (outlet)  angle where 
Ve = Vz tan B (B3 1 
Substituting In equation (B2), rearrangfng, and reducing give 
Integrating along the radius In terms of the hub reference radial posi- 
tion gives, at fixed axfal position, 
or 
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From continuity, across the vane raw 
where K is a contraction coefficierrt that accounts for the change in 
effective f l o w  area f r o m  inlet t o  Outlet due to vane wake8 and change 
i n  wall boundaxy-layer displacement thicknees. For essentially uniform 
inlet conditions, equation (B6) can be expressed 88 
.. 
J 
rh 
The density ra t io  can be derived from the energy equation ad. polytropic 
relation be%ween pressure and density BB 
1 
where n is the polytropic e w n e n t  for expansion. 
TINS, f r o m  equations (B5) and (B7), when V, h is determined, all 
velocity components can be calculated. The outlet velocity and vane 
circulation are then obtained from 
V =  
vzyh cosaG r z  1 
and . . ". 
co a 
N 
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The vanes Kith circular-arc camber l ines used i n  the investigation 
*a 
a, 
had variable chord length and were set i n  convergent annuli. Blade- 
element turning angles along the radial height of the vanes were obtained 
from the straight-line rule of reference 19. The design rule of refer- 
ence 19 w a s  deduced from experfmental data obtained  primarily from the 
central  (mean radius) region of vanes set in convergent annuli. As such, 
the design data represent turning angles f o r  given vane cambers for  
conditions of radial  displacement'and the distance t o  the measuring 
station  characterist ic of the mean-radius region of this type of vane. 
Because of the variation along the vane height of radial deflection of 
the streamlines and of distance from trailing .edge t o  meaeuring sta- 
t ion  ( f ig .  18), however, the design rule w i l l  mt  be entirely repre- 
sentative of the flow conditions across elements i n  the hub and t i p  
regions of the vanes investigated. 
If the design rule is considered to represent correctly the turning 
angle at the mean radius of a vane; for  an element of given c-er at a 
given radius, the streamline configuration represented by the design- 
rule data will appear as indicated by the parallel dashed lines i n  fig- 
ure 18. For locations other than the mean radius, at the measuring 
s ta t ion C-C angle deviations from design-data values w i l l  occur because 
of differences in: .(1) the effective camber across the vane, (2) the 
change i n  angular mentum fraan t ra i l ing  edge t o  measuring station, 
and (3) the change i n  average axial velocity from trailing edge t o  
measuring station. An approximate correction t o  the design-rule data 
w a s  therefore made to take these differences into account. 
For a given vane, section E-E at radius r near the hub (f ig .  18), 
the design rule predicts the value of turning angle a t  approxfmately 
point d for  streamline flow corresponding t o  D-D. I n  terms of 
velocity camponents, this design-data turning angle can be expressed 
88 
A t  point b i n  the measurbg plane at the same radius, however, a 
somewhat different  turning angle wil be obtained because of the strem- 
l ine path €3-B of the actual flow, where 
tan E '0 b 
'z,b 
5 
43 a cu 
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Thus ; 
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From considerations of Conservation of angular momentum from the 
vane t r a i l i ng  edge to the measuring station, along the design-rule 
streamline D-D, 
rat Ve, = rV 
9,d 
and along the  apglication  streamline B-B, 
Thus 
Inasmuch as the trailing-edge s lan t  angle and the dlfference rdl-rb' 
are s m a l l ,  Vz,bl can  be 8ssmed equal to Vz,a' and by use of the 
equivalent design-rule stre-ne at  the mean radius, equation ( ~ 2 )  
can be ea re s sed  as 
A= ve b (+)m tan  =- (3 m tan (&')b 
V9,d ~n tan (")a t an  L(Af31)b + A(&')] (c3)  6 ) b  
where A(&l) is the difference i n  turning angle a t  dl and b . 
A difference in the turning angles a t  rbl and ra* OCCUTS because 
of: (1) the difference tn the cylindrical-surface camber of the vane 
corresponding t o  the two trailing-edge radii and (2) the difference i n  
the effective camber due t o  the angle of the streamline displacement 
across the vane. me difference ln turning angle due to the difference 
in cylindrical-surface camber i s  given by 
which, with the turning-angle slope of the straight-l ine rule (refer- 
ence =), becomes 
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The theoretical   correction for chamge in effective camber was negligible 
for the guide vanes investigated. 
Inasmuch as -A(&) is  generally small compared with &' , an 
equivalent expression for the tangential-velocity  ratio can then be 
obtained, with negligible error as far as the tangent ratio is con- 
cerned, aa 
where A(&) is  taken as 
A(&) = 0.985 2 P-r' )b - (r-rl ) 3 
The axial-velocity  ratio between points d and b can be 
represented by the r a t i o  of the average axial velocit ies at the points; 
hence, from continuity, 
where % and Ad are the annulus areas a t  points b and a, res- 
pectively. The annulus-area r a t i o  of equation (C7) can be re la ted  to  
points along the vane t r a i l i ng  edge where, assuming smaU change i n  
passage taper between measuring s ta t ion  and trailing edge, 
For simplicity, the effect of the  density r a t i o  can be replaced approxi- 
mately by considering the r ight  member of equation (C8) to be equivalent 
t o  the annulus-area r a t i o  & ' / & I .  Thus, equation (C7) becomes 
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After equations (C5)  and (C9) are eubsti tuted into equation (CI) , the 
corrected blade-element turning-angle re la t ion is obtained as 
where A(&) i~ given by equation ((36) . 
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Figure 4 .  - Secondary f low in annular cascades vith 
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(a) Radfally Increeslng circulation, (b) Radially decreasing circulation, 
vane c. vane D. 
Radiua, r, in. w. 
(c) Radially i n c r e a s i n g  circulation, (a) Radially decreasing circulation, 
vane A. vane E. 
Figure 7. - Experimental w;riation of air turning angle for M e t  guib mM8. 
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F w e  8 .  - Qu?iiitstive varitlu of trailing vort ic i ty  along span of blades ia anuuhr cascade. 
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Radius, r, in. 
(a) Vane B. 
Figure 12. - Illustration of calculated actual turning a. 
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(b) Vane D. 
Figure 12. - Concluded. Illustration of calculated actual t-urninE; angle. 
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(a) Vane A. 
Figure 13. - Carparison or calculated and experimental turaing angles of 
inlet guide van-. 
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Figure W. - Continued. -€eon of calculated and experimental turning 8- of 
inlet  gut& vanes. 
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Radius, r, in. 
(e)  Vane E. 
. 
P '  
Figme 13. - Continued: C a p r i a o n  of calculated and 
experimental turn- angles of inlet guide vanes. 
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t Radius, r, in. 
(f) Vane F. 
60 RACA RM E51G27 
. . .. 
RsUue, r, in. 
(b) Tangential velocity. 
Figure 14. - Campsriaon of calculated and experiments1 velocitiee at outlet of vane C 
at deeim weight flow. KLou-area contmtction ratio,  0.97. 
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Figure l6. - Effect of location of boundary-layer 
vortex on calculated uncorrected induced turning 
angle far free-vortex inlet guide vane. MI, 0.41 
&m, 25O. . 
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Radius, r? Fn. P A T  
Figure 17. - Effect of boundary-layer thickness on 
calculated  uncorrected induced turning angle fo r  
free-vortex inlet guide vane. Mlt 0.41 A P m t  25O; 
e, 1/3 6. 
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Figure 18. - Dlustrat ion of correction t o  design rule of reference 19 used for 
determination of radial variation of blade-element turning angle for cbcular- 
arc in le t  guide vane8 in convergent annuli. 
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